LIMITS OF C ARTIER DIVISORS 



EDUARDO ESTEVES 

Abstract. Consider a one-parameter family of algebraic varieties 
degenerating to a reducible one. Our main result is a formula 
for the fundamental cycle of the limit subscheme of any family of 
effective Cartier divisors. The formula expresses this cycle as a sum 
of Cartier divisors, not necessarily effective, of the components of 
the limit variety. 



1. Introduction 

Consider a local one-parameter family of Noetherian schemes. More 
precisely, let / : X — > S be a flat map of Noetherian schemes, where S 
stands for the spectrum of a discrete valuation ring. Let s and r\ denote 
the special and generic points of S\ put X s := and X v := f~ l {rj). 

Assume that X s is of pure dimension and has no embedded components. 

Let D be an effective Cartier divisor of X. View it as a subscheme 
of X, and let UmD be the schematic boundary of D fl X v . Then 
UmD C D C\X S . Equality does not necessarily hold, as D may contain 
components of X s in its support. 

This note presents a formula for the fundamental class [limD] of 
\im.D in terms of Cartier divisors of the components of X s \ see The- 
orem The idea used in its proof is that, even though D may not 
restrict to an effective Cartier divisor of a given component of X s , a 
suitable modification of D may. Suitable modifications may not exist. 
They do when X s is reduced, a consequence of Proposition 14.21 At any 
rate, when they exist, a formula for [limD] is derived by keeping track 
of the modifications and their restrictions to the components of X s . 

The idea used in the proof of the main theorem is reminiscent of that 
behind the definition of limit linear series, as explained in [1] . And, in 
fact, the main application of the theorem so far is in computing limits 
of ramification points of families of linear systems. The theorem is 
perfectly adapted for dealing with the case of plane curves, the study 
of which will be done in [3]. Example 15.31 is given to show, in a very 
simple situation, how the theorem will be applied there. 
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A rough layout of the paper is as follows. In Section 2 we define 
modifications, and present the main technical lemmas that will allow 
us to keep track of them later on. Section 3 is devoted to defining 
cycles and limit cycles, and proving a few of their fundamental proper- 
ties, among them Proposition 13. 4[ stating that taking the fundamental 
class of the limit is additive for Cartier divisors. Section 4 is the heart 
of the notes, containing the main result, Theorem I4.1[ and the auxil- 
iary Proposition I4.2[ giving conditions for when the theorem may be 
applied. Finally, in Section 5 we present examples to show how Theo- 
rem 14.11 can be applied. 



2. Modifications 

2.1. (Setup.) Throughout the paper, S will stand for the spectrum of 
a discrete valuation ring, s for its closed point and rj for its generic 
point. Also, 7r will denote a local parameter of S at s. 

Throughout the paper, / : X — > S will stand for a map from a Noe- 
therian scheme X. Set X s : = and X v := / _1 (?7). We call X s the 

special fiber and X v the generic fiber of /. We will always assume X s 
has no embedded components. Denote by C 1; . . . , C n the subschemes 
of X s defined by the primary ideal sheaves of in Ox a , and £i, ■ ■ • , £ n 
their generic points. We say that C±, . . . , C n are the irreducible primary 
subschemes of X s . 

A union of irreducible primary subschemes of X s , defined by the 
intersection of the corresponding sheaves of ideals, will be called a 
primary subscheme of X s . If Y is a primary subscheme of X s , the 
union of all the irreducible primary subschemes not contained in Y 
will be called the complementary primary subscheme to Y and denoted 
Y c . By definition, the empty set and X s are to be considered primary 
subschemes of X s . 

Let Div(X) denote the group of Cartier divisors of X, and Div + (X) 
the submonoid of effective Cartier divisors. We will view an element 
of Div + (X) as a closed subscheme of X. Conversely, we will write 

Y G Div + (X) for any closed subscheme of X defined locally everywhere 
by a nonzero divisor. 

For each closed subscheme Y of X, let Xy denote its sheaf of ideals. 
If Z is another closed subscheme, we write Y < Z if Y C Z. If 
D G Div + (X), let Y + D denote the closed subscheme of X given by 
the sheaf of ideals XjyLy- In addition, if D C Y, let Y — D denote the 
residual subscheme, given by the conductor ideal (Xy : Id)- Of course, 

Y - D < Y < Y + D and Y = (Y - D) + D = (Y + D) - D. 
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Let Twist (/) denote the free Abelian group generated by C±, . . . , C n . 
An element of Twist (/) will be called a twister. We say that a twister 
7 = m iCi is effective if m 8 > for each i — 1, . . . , n, and reduced if, 
in addition, mi < 1 for each % = 1, . . . ,n. Let Twist + (/) C Twist (/) 
denote the submonoid of effective twisters. We can naturally identify 
the set of primary subschemes of X s with the set of reduced effective 
twisters. 

2.2. (Modifications by primary subschemes.) Let J be a coherent sheaf 
on X, and Y a primary subscheme of X s . Let Jy denote the restriction 
of J to Y modulo torsion. In other words, Jy is the image of the 
natural map 

JW^($(J\Yk 

Let J(—Y) denote the kernel of the quotient map J — > Jy. We say 
that J[— Y) is a modification by Y of J . By definition, J7gi = and 

J(-0) = J- 

(We will never use the above construction for a sheaf denoted X. So, 
throughout the paper, Xy will always be understood as the sheaf of 
ideals of a subscheme Y of X.) 

Notice that J(— Y) is also the kernel of the natural map 

Thus, for each primary subscheme Z of X s containing Y, we have that 
J(-Z) C J(-Y). In addition, nj C JY-X,). Hence, there is a 
natural map, J — > J7"(— F), obtained as the composition, 

^ _ nJ _ ^(-x s ) — > .7(-n 

where the first map is multiplication by 7r. 

If £ is an invertible sheaf on X, then (J ® C)(-Y) = J(-Y) ® £, 
as subsheaves of J" <g> C. 

The sheaves J7y and J(—Y) and all of the maps above are functorial 
on J . So are the maps and the statements of the proposition below. 

Proposition 2.3. Let J be a coherent sheaf on X . Then the following 
three statements hold. 

(1) For all primary subschemes Y and Z of X s , 



J(-Y)(-Z) = J(-Z)(-Y). 
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(2) For all primary subschemes Y and Z of X s such that Z C Y c , 
the inclusions J{—Y) — > J and J[—Z) — > J induce injec- 
tions J{—Y)z — > J7~z J7"(— Z)y — > J7y whose cokernels are 
isomorphic. 

(3) For all primary subschemes Y 1 , Y 2 and Y 3 of X s with Y 2 C 
and F 3 C Y 2 C , the inclusion J{—Y\ U Y 2 ) — > Vi) induces a 
short exact sequence: 

o - j r (— y"i u r 2 )y 3 — ^(-r 1 )y 2U y 3 — ^(-^ik - o. 

Proof. Clearly, Y)| x-y = J\x-y- In particular, the natural map 

(J(-Y)\xX ^ (J\xX 
is bijective for each & £ y. Therefore, J(-Y)(-Z) = J(-Y U Z) if 
Z C y c . More generally, writing Y = Y' UW and Z = Z' U W, where 
Y', Z' and W are primary subschemes such that Y' C Z c and Z' C F c , 
we have 

t7 (_y)(_ Z ) =j(_y')(_ W )(_ Z ')(_ W ) = j(_ Y '){-Z){-W) 
=J(-Y' U Z)(-W) = J(-Z)(-Y')(-W) 
=J(-Z)(-Y). 

As for the second statement, since J(—Y)^ = for every £j e Z, 
it follows that the naturally induced map J7"(— Y)z — > i7z is injective. 
An analogous reasoning shows that J{— Z) Y — > Jy is also injective. 
Now, 

J/J(-Z) _ J 
J(-Y)z J(-Y)/J(-Y)(-Z) J(-Y) + J(-Z) ■ 

By symmetry, J Y / ' J(—Z) Y is thus isomorphic to J z j 'J(—Y) z . 

As for the third statement, consider the natural short exact sequence: 

Jj-Y.UY,) J{-Y x ) J{-Y x ) 

^ j{-y x u y 2 )(-y 3 ) j(-y u y 2 )(-y 3 ) J(-Yi u y 2 ) 

By definition, the first quotient is J(— Y\ U Y 2 )y 3 , while the last is 
J(—Yi)y 2 . Now, using the first statement, 

J(-Y x U Y 2 ){-Y 3 ) = Jt-YJi-Y^i-Y,) = J^-Y^-V* U Y 3 ). 

So, we may identify the middle quotient with J{— Yi)y 2 uy 3 , and thus 
obtain the desired short exact sequence. □ 

2.4. (Modification by twisters.) Let J be a coherent sheaf on X. For 
each 7 e Twist + (/) define a subsheaf J 1 of J7" recursively as follows: 
if 7 = 0, then Ji := J; if 7 ^ 0, then let 
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for any G{ such that 7— Cj is effective. It follows from the first statement 
of Proposition 12.31 that J 1 is well-defined, and 

for every two 71,72 G Twist + (/). We call J 1 the 7 -modification of J . 

If £ is an invertible sheaf on X, then J^®C = (J7"(g>£) 7 as subsheaves 
of J" ® C. Also, the 7-modifications are functorial on J\ 

2.5. {Torsion-free rank-1 sheaves.) Let J7" be an S-flat coherent sheaf 
on X. We say that J is torsion-free on X/S if the associated com- 
ponents of J\x a are components of X s , or equivalently, if the natural 
map J\x a — > Jx 3 is a bijection. We say that J is of rank 1 on X/S* if 
(J\xX = XsAi for each i = l,...,n. 

Proposition 2.6. Lei J be a torsion-free sheaf on X/S, and Y a 
primary subscheme of X s . Set Z := F c . JTien i/ie following four 
statements hold. 

(1) tiJ = J(—X s ) and the natural maps 

J\x s — > Jx s a^d J — > 

are isomorphisms. 

(2) J{—Y) is torsion-free on X/S. 

(3) The natural maps J(—Y) — ► and J — > l 7(— F) are injective 
and induce short exact sequences: 

— > ^(-r)z — > — > Jv — > 0, 

— jy — j7~(-r)k — — > 0. 

(4) If J is of rank 1, so is J(—Y). 

Proof. The first map, J\x s ~^ Jx a i is an isomorphism because the as- 
sociated components of J\x a are components of X s . Clearly, it follows 
that J~(—X s ) = i\J. In addition, since J is 5-flat, the multiplication- 
by-7r map J — ► it J is an isomorphism. 

As for the second statement, since S is the spectrum of a discrete 
valuation ring, and J is S-flat, also its subsheaf J{—Y) is 5*-flat. In ad- 
dition, since the multiplication-by-7r bijection J — ► 7rj7" carries J[—Y) 
onto (7rj7')(— y), by functoriality, we have 

J(-Y)(-X s ) = J(-X s )(-Y) = (nJ)(-Y) = nJ(-Y), 

and thus the natural map J{— Y)\x s — > J(—Y)x a is an isomorphism. 
So J[— Y) is torsion-free. 

Consider now the third statement. First, recall that the natural map 
J[—Y) — > J is an inclusion, whence injective. Second, the natural 
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map J — > J(—Y) is injective if and only if the natural map J — > ~kJ 
is an isomorphism, and this is the case by the first statement. 

As for the exact sequences, the first is obtained from that in Propo- 
sition [23] by setting Y\ := 0, Y 2 := Y and Y 3 := Z, and recalling from 
the first statement that J\x s = Jx s - 

The second is also obtained from that in Proposition 12.31 this time 
by setting Y\ := Y, Y% := Z and Y3 := Y. However, we use the 
composition of isomorphisms, 

J — > IT J — > J{~X S ), 

to replace the leftmost sheaf J{— X s )y with Jy, and we use that 
J(—Y) is torsion-free, to replace J{— Y)x a with J{— Y)\x a - 

The fourth statement follows from the two exact sequences of the 
third statement. Indeed, the first one yields (<J(—Y)\x g )^ = 
for each e Z, while the second one yields — {±f{— Y)\x s )^ 

for each £j e Y. Thus J{—Y) is of rank 1 if and only if so is J . □ 

3. Limits of Cartier divisors 

3.1. (Cycles.) Assume X s is of pure dimension, say d. Let Cyc(A s ) de- 
note the free Abelian group generated by all integral closed subschemes 
of X s of dimension d— 1. We will simply say that an element of Cyc(A s ) 
is a cycle. A cycle is called effective if its expression as a Z-linear com- 
bination of integral subschemes involves only nonnegative coefficients. 
Let Cyc + (X S ) C Cyc(X;) denote the submonoid of effective cycles. 

For any coherent sheaf T on X s with support of dimension at most 
d-1, let 

[^]:=E^)MeCyc+(X s ), 

Y 

where the sum runs over all irreducible components Y of dimension 
d — 1 of the support of J 7 , with £y denoting the generic point of Y. 
Since localization is exact and length is additive, if 

-> T -> Q ^H^O 

is a short exact sequence of coherent sheaves on X s with support of 
dimension at most d — 1, then [J 7 ] — [S] + [TC], a fact we refer to as the 
"additiveness of the bracket." Notice as well that, if £ is an invertible 
sheaf on X s , then \T ® C] = [J 7 ]. 

If W C X s is a closed subscheme of dimension at most d — 1, let 
[W] := [O w \. We call [W] the fundamental class of 

Lemma 3.2. Assume X s is of pure dimension. Let J 7 be a coherent 
sheaf on X and Q C J 7 a coherent subsheaf. Let C^, . . . ,Ci m be a 
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collection of distinct irreducible primary subschemes of X s . Suppose 
T^. = for each j = 1, . . . , m. Set 

Zj := C n U • ■ ■ U Ci. and Z'- := C lj+1 U • • • U C im 
for each j = 0, . . . , m. Then 



(3.2.1) 



m—l 

E 

j=0 L 



T(-Z 



3)C, 



3+1 



g(-z j 



i a 



3 + 1 



Proof. For each j = 0, . . . , m — 1, apply the third statement of Propo- 
sition O with Y x := Zj, Y 2 := C ij+1 and F 3 := Z< +1 to both J := T 
and J := Q. By functoriality, we get a natural map of short exact 
sequences: 



-> ^(-Z i+1 )z ; 



J+l 



^(-z 



6?(-^. 



j)c, 



3 + 1 



3 + 1 







0. 



Always, the vertical map to the right is injective with cokernel sup- 
ported in codimension 1 in C ij+1 , because Q(, ij+1 = ■ Thus, all the 
vertical maps are injective with cokernel supported in codimension 1 
in X s , and (13.2. ip holds by the snake lemma. □ 

3.3. (Limits of Cartier divisors.) Assume that /: X — > S is flat, or 
equivalently, that X s is a Cartier divisor of X. Assume as well that X s 
is of pure dimension. Since X s is a Cartier divisor of X, also X, and 
thus X v , are of pure dimension. For each closed subscheme D of X, let 



limD := X s f}DnX v . 

We call limD the limit subscheme of D. 

Suppose D fl X v is a Cartier divisor. Since X v is of pure dimension, 

D f] X v is of pure codimension 1 in X v . Thus, since D fl X v is S- 
flat, also limD is of pure codimension 1 in X s . Let [limD] denote the 
associated cycle. We call [limD] the limit cycle of D. 

The operation D \— > [limD] induces a homomorphism of monoids 
from Div + (X) to Cyc + (X S ), as a consequence of the proposition below. 

Proposition 3.4. Assume that f: X —>■ S is flat and X s has pure 
dimension. Let D\, D 2 and D3 be S-flat closed subschemes of X of 
pure codimension 1. Assume that D\ fl X n is a Cartier divisor of X v 
and 

D 3 nx ri = (D l nx v ) + (D 2 nx v ). 
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Then 



[D 3 nx s ] = [AniJ + ^ni,]. 



(This proposition is a slight generalization of [6], Prop. 5.12, p. 49.) 

Proof. For each i = 1,2,3, since Di is S-flat of pure co dimension 1, 
also Di n X s is of pure codimension 1 in X s . Again by flatness, Di 
is the closure of Di fl X v . Thus, from the hypotheses, we get that 
D 3 = D\ U D 2 set-theoretically, and hence 



set-theoretically. 

Let W C _D 3 n X s be an irreducible component. We need only show 
that the coefficient of [W] in the expression for [D 3 fl X s ] is the sum 
of those for [D\ fl X s ] and [-D2 H X a ]. Let ( & W be the generic point, 
and set A := Ox,c- Let I\, 7 2 and 7 3 be the respective ideals of D x , D 2 
and D 3 in A. 

Let Yi, . . . , Y r be the irreducible components of D 3 containing W. 
These correspond to the minimal prime ideals pi, . . . , p r of A containing 
I 3 . Notice that, for i = 1,2, since Di and D 3 have the same pure 
dimension, and D 3 D Di, the minimal prime ideals of A containing 
are those pj such that p., Z> /j. 

Since Di is S-fiat, tt is a nonzero-divisor of A/I, for each i — 1,2, 3. 
In particular, 7r^pj for any j. By [3], Lemme 21.10.17.7, p. 299 or [4], 
Lemma A.2.7, p. 410, for i = 1, 2, 3, 



(3.4.1) f (A/(/ 4 + ttA)) = ^^.//^(A/^ + ^))- 



The left-hand side of (13.4.11) is the coefficient of [W] in the expression 
for [Di fl X s }. Thus, we need only show that, for each j — 1, . . . , r, 



Now, since 7r (jL p^, we have IiA Pj = liA^A Pj for i = 1,2,3. By the 
hypotheses of the proposition, I 3 A V = IiI 2 A n , and there is a nonzero- 
divisor fj G A p such that I\A p . = fjA p .. Since fj is not a zero-divisor, 
multiplication by fj induces a short exact sequence: 



d 3 n x s = (Di n x s ) u (£> 2 n x s ) 



r 



(3.4.2) 



^ p V/ 3 A.) = tiAJhA,,) +£(A p JI 2 A p .). 









0. 



The additiveness of the length yields (13.4.21) . 



□ 
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4. The main theorem 

Theorem 4.1. Assume that f : X — > S is flat and X s has pure dimen- 
sion. Let D be an effective Cartier divisor of X . Suppose that, for each 
i — 1, . . . ,n, there are effective Cartier divisors Ei and Fj of X and a 
nonnegative integer pi such that & £ Ei + Fj and D + Ei = PiX s + Fj . 
T/ien 

n 

[iimD] = ^([Fna]-[F i na]). 

i=l 

Proof. Let 7 = Ei r «C« De an effective twister for which X^> C O x . 
Suppose r := T\ + • — h r n is maximal for this property. (Such 7 exists 
because £(0^^) < 00 for each i = 1, . . . ,n.) Then, since X is 5-fiat, 

M~ Ei r^) C O x (-r(d + • • • + C n )) = ifO x . 

Let 

J:= (^(-X)Z) r<Cr j) :7rr ^J 

V i=l i/i 7 / 

Then ,7 7 = Xp. Note that, since Xp is invertible, and hence torsion-free 
of rank 1 on Xj S, also J is torsion-free of rank 1 by Proposition 12.61 
In addition, J <2 Ox{— Ci) for every i — 1, . . . ,n, by the maximality 
of r. After reordering the components Ci, we may assume that 

(4.1.1) ri > r 2 > • • • > r n _i > r n . 

If AC is a sheaf of ideals and G is a Cartier divisor of X, then the 
multiplication map K, £g> X G — > /CX^ is an isomorphism. Thus, for each 
/Li G Twist + (/), since {K®X G Y = /C m ®Xg as subsheaves of AC®X G , and 
since the multiplication map carries /O 1 ®T G onto /C M X G and (JC®T G Y 
onto {JCXgY, we have 

(4.1.2) £"J G = (/CX G f. 

In addition, if G n K is Cartier for a certain primary subscheme K, 
then X G |y = X Gn y|y, and it follows that 

(4.1.3) (/CX G )y = /CyX Gn y|y. 

By the hypothesis of the theorem, for each i = 1, . . . , n, 

Using Equation (14.1.21) . we get that ir Pi l Fi = (JX Ei )" 1 ■ Now, since 
£i ^ Ei and J $2 Ox(-Ci), we get that is the largest integer j such 
that (iXXgJ 7 C Ox(—jCi). On the other hand, since also & ^ F, we 
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get that pi is the largest integer j such that it Pi I Fi C Ox{—jCi). Since 
TT Pi l Fi = (JlEi) 1 , we have p { = r { . Putting 



j<i 



j>i 



we get 
(4.1.4) 
Let 



{JZ E ^=X%. 

(4.1.5) 7' := r jCj) where r'j : = ri — for each j — 1, . . . , n, 

j 

and set 

(4.1.6) Sr^Y^r'jCj + ^Cj, and e, := £ rJCT, + £ r}C,. 

Then a, + 5, = r^(Ci + ■ • ■ + C n ) and Pi + Si = 7'. Since JT Fi is 
torsion- free of rank 1, it follows from (14.1.4j) that 

(4.1.7) 

= (- L F l J - - L 'F l —-t-Fi 

Notice, for later use, that e, = a« + 7'. 

Since & ^ Ei + Fi, and since Cj is not a summand of ctj or it 
follows from (14. 1.4|) that 

^ = (JI Ei h = ((J1eT% = (1 P f% = = O x &. 

Since this holds for each i = 1, . . . ,n, and since J is torsion-free on 
X/S, it follows that the induced map J\x a ~> @x s is injective. So 
the inclusion J — > Ox has flat cokernel. Since = X^, we have 
that J\x v is the sheaf of ideals of D D X,, in X^. Thus limD is the 
subscheme of X s with ideal sheaf J\x a i and hence 

Ox a 



((jif,: 

-(X^) 5i = x^ i+5i = X 7 ' 



(4.1.8) 



[MmD] 



J\ 



Set Zi := and, for each j — 2, . . . , n+ 1, put Z ? - := Cj U • ■ ■ U C,_i. 



By Lemma [3.21 



O 



x s 



J\ 



X., 



£ 

i=l 







and thus, by (14.1.81) and the additiveness of the bracket, 
(4.1.9) [UmD] = Y^ 



i=l 





\Oc~ 




\ o Ci ' 


+ 




) 










[j{-Zi) Cl _ 
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Now, using (HX2j) . (HX3l) and (13X71) . and using that both d n J5< 
and Cj fl Fj are Cartier, we get 



Jd 










J(-Zi) Ci . 




_J(-Z l )c^E l nc z \c l . 






'i)Ci 






r (7T<ji Ei ) Ci l 












L(^ l 7J s J(-Z J ) c J 




X Fi (-Zi) Cl . 





{O x T F ^-Z % ) Ci 



OH-Z^a 



Thus (14. 1.9ft becomes 

n 

(4.1.10) pimD] = ^ 



i=l 









0c< 


+ 




) 










W x {-Z % )c,. 





Using a similar reasoning, and the additiveness of the bracket 

[Et n cy 











r i 






.{J^Ei)Ci_ 




_{JlEi)Ci_ 



[Fi n cy + 



(^)c, 



- [£< n cy 
[£< n cy 



L (^)c J 



x)d 



X)Ci\ 



where we used that q = + 7'. Substituting in (14.1.101) . we see that 
we need only prove the following claim. 

Claim: Let 7 := be an effective twister such that (14.1.11) 

holds. Let 7' be as in (14.1.51) . For each i — 1, . . . , n, let ej £ Twist (/) 
be as in (14.1.61) . and put 



**(7) := 







\{oiW 




o Cl 


+ 


\ {ol) Gi 1 






l(O x ) Ci _ 




[Oxi-Z^c,. 


LoJ(-Z0cJ 



Then 1 ( 7 ) + ... + n ( 7 ) = O. 

We will prove the claim by induction on the sum r' := r[ + • • • + r' n . 
If r' = 0, then 7' = and 6j = for each i = 1, . . . , n. The claim is 
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trivial in this the first and second summands of #1(7) are zero, 

and the third and fourth cancel each other, for each i = 1, . . . , n. 

Now, suppose r' > 0. Then one of the inequalities in (14. 1. ip is strict. 
Let i be an integer, between 2 and n, such that r^_i > r#. For each 
i = 1, ... ,n, let ti := Ti if i ^ £ and := 77 + 1. Then ti > • • • > £ n 
as well. Set r := ^\ tjCj and r' := J2i ^fiii where t' { := ti — for each 
i = 1, . . . ,n. Then ^ = r[ for every i 7^ but ^ = — 1. So, by 
induction, 9±(t) + ■ — |- 9 n (r) = 0. 

Set 

P* := 53^ + ^(7,- fori = l, 
Then 7' = r' + C £ and 



Pi + if % < £, 

« + d + • • • + if i = l, 
Pi if i > £. 

Using the above formulas and the additiveness of the bracket, we get 



0i{l)-0i{r) 



and 



0e(l) - e e (r) 



on 



-z, 



i)Ci 



{^O x ) Cl 



+ 



(Q T x)c e 

m) Cl 

^O x ) Cl 



+ 



(oi)c t 



if z 






\{ot)cA 




[m)c e \ 



CP' 



+ 



Zi)c, 
ir r 'tO x ) Cl ~ 









[O x (-Z £ )c £ \ 



+ 



XJCt J 



(C 7 



X)C e 



on 



X)C e J 



Ox(~ z e)c e 




f 1 


(*O r x)c e _ 







Thus, since #i(t) 
that 



$n( r ) = by induction, we need only show 



(4.1.H) Yl 



[on-z t ) c r 




\ot{-z t ) Ct - 


+ 


r {oi)o t 1 


[oti-z^. 
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Now, applying Lemma [3.21 twice, we get that 



'a 



OK 



E 



o£(-£<)ci 



Oil 



~ (Q T x)z e 



-Zi)d 

-o x 

+ 



+£ 



i>£ 



o 



x ' 



OK 



01 ( 



t+i 



In addition, since 7' : 
Proposition 12.31 that 



t' + CV it follows from the second statement of 



C e 



OK-Z, 



'x\-^z+i)zi +1 



O 



X ' 



-Zi)c, 
-Zi+i)c e 



x)c t 



Equation 04.1.111) follows. 



□ 



Proposition 4.2. Assume that f: X —>■ S is projective and flat, and 
that S is a k-scheme for an infinite field k. Then the following two 
statements hold: 

(1) For each % = 1, . . . ,n there is Gi G Div + (X) such that £j ^ Gi 
for j 7^ i and Gi coincides with Ci at 

(2) If X s is reduced, for each closed subscheme D of X such that 
DC\X V is a C artier divisor there are divisors Ei e Div + (X) with 
£i (jL Ei and nonnegative integers Pi such that D + Ei > PiX s 



and (D + Ei) - PiX s for % = 1, 



n. 



Proof. Let R be the ring of regular functions of S. Since S is a k- 
scheme, R is a fc-algebra. Since / is projective, / factors through an 
embedding t: X -> P£, where P^ := Proj(i2[t , . . . ,*m])- Let O x (l) 
be the restriction to X of the tautological ample sheaf of P^. Then 
there is an integer d > such that H 1 (P 7 ^,X x \p'^(d)) = and the d-th 
twist (rf) of the sheaf of ideals of Ci in X is globally generated for 
every i — 1, . . . , n. 

Let £ n _|_i, . . . ,£ n +r denote the associated points of X v . Then X Ci is 
invertible at for each j = 1, . . . , n + r. Indeed, this is clearly so if 
j ^ i because £j Cj. On the other hand, (2TcJ& is the ideal of Ox& 
generated by it, which is a nonzero-divisor because / is flat, whence 
2d is also invertible at 

Since Tci(d) is globally generated, and since if 1 (P^,Xx|p™(c?)) = 0, 
for each j = 1, . . . , n + r there exists a degree-c? homogeneous polyno- 
mial Pj G R[to, . . . ,t m ] generating 1d{d) at £j. Since is infinite, a 
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general linear combination Qi := J2j c jPj with Cj G k generates 2c, (<f) 
at £j for every j = 1, . . . , n + r. Let G, C X be the subscheme cut out 
by Qi = 0. Since Gi does not vanish on £j for any j = n + 1, . . . , n + r, 
the subscheme Gi is a Cartier divisor. It is indeed the Cartier divisor 
required by the first statement. 

As for the second statement, as X s is reduced, for each j = 1, . . . , n 
the point £j lies on the nonsingular locus of X s , whence on the non- 
singular locus of X. So the local ring Ox,^ is a discrete valuation 
ring. 

For each j = 1, . . . , n, consider the ideal of D at £j. If it were zero, 
then D would contain any irreducible closed subscheme of X containing 
£j. However, among those there is at least one irreducible component of 
X, whose generic point lies over r\ by flatness. Thus D would contain an 
irreducible component of X n , contradicting the hypothesis that DnX^ 
is a Cartier divisor. So the ideal of D at £j is nonzero. Since Ox,% is 
a discrete valuation ring, this ideal is thus a power pj of the maximal 
ideal. Let Gi, . . . , G n be the Cartier divisors of X claimed in the first 
statement. Set 

Ei := (Pi~Pj) G i- 

Vj <Pi 

Then Ei is an effective Cartier divisor of X not containing £j. Also, 
D + Ei D piX s . Set Fi := D + Ei — PiX s . Then is a subscheme of 
X that does not contain £j. □ 

5. Examples 

Example 5.1. (See [4], Ex. 11.3.2, p. 203, and the references listed 
there.) Let F, A%, A 2 , G\ and Gi be forms defining hypersurfaces. 
Assume FAi and Gj have the same degree, for i — 1,2 and j = 1,2. 
Assume as well that 

(5.1.1) gcd{FA 2 , A x ) = 1 and gcd(A 1 G 2 - A 2 G U F) = 1. 

Consider the pencils FAi + tGi = for i = 1,2, and their intersection. 
The hypotheses f)5.1.ip imply that the intersection is proper for a gen- 
eral t. Indeed, if the intersection were not proper, then there would 
be a nonnegative integer m and forms L , . . . , L m of the same posi- 
tive degree such that the polynomial L + TLi + • • ■ + T m L m divides 
FA 1 + TG 1 and FA 2 + TG 2 . But then L would divide FA U FA 2 and 
A X G 2 - A 2 d. 

Let W denote the limit of the intersection of the pencils as t goes to 
0. The intersection of the hypersurfaces FA% = and FA 2 = is not 
proper, and thus does not reflect W well. However, FA 2 = cuts a 
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Cartier divisor on A\ = 0. In addition, 

A 1 (FA 2 + tG 2 ) = A 2 (FA 1 + td) + t(A x G 2 ~ A 2 G X ), 

and AiG 2 — A 2 G\ = cuts a Cartier divisor on F = 0. Thus, by 
Theorem 14.11 

[W] = [FA 2 , A 1 = 0} + [A X G 2 - A 2 G U F = 0] - [A x , F = 0] 
= [A 2 , Ai = Q] + [A X G 2 - A 2 G U F = 0]. 

Example 5.2. (See % Ex. 11.3.3, p. 203.) Consider the families of 
plane curves parameterized by t: 

x 2 y~tz 3 = and (x - t 2 y)(y 2 - t 2 x 2 ) = 0. 

It is easy to compute the intersection of the above curves for general t, 
as the second curve is a union of lines. Letting (3 be a primitive cubic 
root of unity, we see that the intersection is reduced and consists of the 
nine points: 

[f : 1 : tp), (lit: and (1 : -t : -ft) for j = 0, 1, 2. 

As t goes to 0, the (t 2 : 1 : tft) approach (0:1:0), while the remainder 
approach the six points (1:0: ±/3 J ). 

To compute these limits using Theorem 14.11 we first use Proposi- 
tion 13.41 to reduce the problem to that of computing the limits of the 
Cartier divisors cut on x 2 y — tz 3 = by x — t 2 y = and by the lines 
y ±tx. Call D the first limit and D± the last two limits. 

We will actually use Theorem 14.11 to compute 2[D], and then use 
Proposition 13.41 to get [D]. First, x 2 = cuts a Cartier divisor on 
y = 0. Also, 

y(x -t 2 yf = (x 2 y -tz 3 ) +tz 3 modi 2 , 

and z 3 = cuts a Cartier divisor on x 2 = 0. Thus, by Theorem 14. 1[ 

2[D] = [x 2 , y = 0] + [z 3 , x 2 = 0] - [y, x 2 = 0] = 6[z, x = 0]. 

So [D] = 3[(0 : 1 : 0)]. 

As for D±, first y = cuts out a Cartier divisor on x 2 = 0. Also, 

x 2 (y ± tx) = (x 2 y - tz 3 ) + t(z 3 ± x 3 ), 

and z 3 ± x 3 cuts a Cartier divisor on y = 0. Thus, by Theorem 14.11 

[£>±] =[y, x 2 = 0] + [ 2 3 ± x 3 , y = 0] - [x 2 , y = 0] 

= E?= [(1:0:^)]. 
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Example 5.3. If a plane curve is smooth, its flexes are cut out by 
the Hessian, the determinant of the symmetric matrix of second-order 
partial derivatives of the form defining the curve. However, if the curve 
has a linear or a multiple component, the Hessian vanishes completely 
on that component. What are the possible limits of flexes on the curve 
if the curve has such components? 

The above question, considered in [2], p. 151, will also be considered 
in more detail in [3]. Here we will just consider the simple case where 
the curve is reduced with just two components, and just one of them 
is linear, and where the curve is deformed in first order along a general 
direction. 

Let k be an algebraically closed field of characteristic zero. For each 
P G &;[[£]] [x, y, z], define the derivation Dp := d y (P)d x —d x (P)d y , where 
d x , d y and d z are the canonical partial k [[£]] -derivations of &[[£]] [x, y, z]. 
Notice that D P (P) = 0. For short, let P x := d x {P), P y := d y {P) and 
Pz '■= d z (P). Define the Hessian determinant H(P) and the Wronskian 
determinant W(P): 

x y z 

D P (x) D P {y) D P (z) . 
D P (x) D P (y) D P {z) 

If P is homogeneous of degree p, it follows from applying the Euler 
Formula twice that 

(5.3.1) z 3 H(P) = (p - 1) 2 W(P) mod P. 
Let 

F :=xG-F 1 tE k[[t]][x,y,z], 

where G and F\ are nonzero forms of degrees d — 1 and d, respectively, 
for an integer d > 3. Assume G is irreducible and gcd(xz, G) = 1. Then 
Dp = xDq mod (G,t), and hence Dp{G) = mod (G,t). So, using 
the mutilinearity of the determinant, the product rule for derivations, 
and (15.3.11) for P := G, we get 

(5.3.2) (d - 1) 2 W{F) = (xzfH(G) mod (G, t). 

Since G is irreducible and nonlinear, H(G) cuts a divisor on the curve 
defined by G. Let Rq denote the 0-cycle of P 2 associated to this divisor. 
Since gcd(G, xz) = 1, it follows from (15.3.21) that also W(F) cuts a 
divisor on the curve given by G, where W(F)o is the constant term of 
W{F). 

Since D P (F) = 0, using the multilinearity of the determinant and 
the product rule for derivations, we get 

(5.3.3) G 3 W(F) = tW mod F, 



H{P) :- 



P P 

1 x,x 1 x,y 



y,x 



y,y 
D z,y 



Px 

p. 



y,z 



and W{P) 



Pz 
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where W is the Wronskian determinant: 



w 



D F {F X ) 



Gy 
D F (Gy) 
D 2 F (Gy) 



Gz 
D F {Gz) 
D 2 F {Gz) 



Now, D F = —Gd y mod (x,t), and so Dp(x) = mod (x,t). Thus, 
using the multilinearity of the determinant and the product rule for 
derivations, we get 

(5.3.4) W = -g 3 w mod (x,t), 

where g := G(0, y, z) and w is the Wronksian determinant: 



w :- 



r 
f 



9 9 

y,y 



f q' q" 

J y.y jv-,v 



9y 
i 

'y,y vy,y 

with /' := Fi(0, y, z), g' := gy and g" := gz. If Fi is general enough - 
more precisely, if Fx (x, G) — then w / 0, and hence also W ^ 
mod (x, t). 

Now, since /', g' and g" have degree d, applying Euler formula three 
times, we get 

(5.3.5) (d - lfdw = z 3 h, 

where h is the "Hessian" determinant: 



/ 

z.z 



!-l 41 



9z,z 9z,z 

q' q" 

zy,z 3y,z 

9y,y 9\ 



iy,y 



Let R x denote the 0-cycle of P 2 of the scheme given by h 



x 



0. 



P z s be the 



For any two coprime forms Px and P 2 of k[x, y, z], denote by [Pi 
the 0-cycle of P 2 of the scheme given by P\ = P 2 = 0. 

Assume F\ is general. Let S := Spec(fe[[t]]) and X C 
subscheme cut out by F. Let / : X — > S denote the structure map. 
Let E C X be the subscheme cut out by W(F). Since F\ is general, 
the general fiber X v of / is smooth, and thus, by (I5.3.ip applied to 
P :— F, the subscheme E cuts X„ in its divisor of flexes plus 3 times 



the hyperplane section given by z = 

[lim£] 



0. So, £ is a Cartier divisor of 
- 3[z ■ (xG)] + R, where R is the 



X. And, by Proposition I3.4 
0-cycle of the schematic boundary of the divisor of flexes of X v . 
Using (I5.3.3P and Theorem I4.ll 



[limE] = [W(F) ■ G] + [Wo • x] - 3[G 



x 
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where Wq is the constant term of W. In addition, by (15.3.21) . (15.3.41) 
and (15X51) . 

[W(F) ■ G] =3[x ■ G] + 3[z ■ G] + R G , 
[Wo - a] =3[G-x] + 3[z-x] + R x . 

Thus, 

R = R G + R x + 3{G-x). 
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